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The Cosmological Problem is considered in a five-dimensional (bulk) manifold with two time coordinates,
obeying vacuum Einstein field equations. The evolution formalism is used there, in order to get a simple form
of the resulting constraints. In the spatially flat case, this approach allows to find out the general solution, which
happens to consist in a single metric. All the embedded Friedmann-Robertson-Walker (FRW) metrics can be
obtained from this ’mother’ metric (’M-metric’) in the bulk, by projecting onto different four-dimensional hy-
persurfaces (branes). Having a time plane in the bulk allows to devise the specific curve which will be kept as the
physical time coordinate in the brane. This method is applied for identifying FRW regular solutions, evolving
from the infinite past (no Big Bang), even with an asymptotic initial state with non-zero radius (emergent uni-
verses). Explicit counter-examples are provided, showing that not every spatially-flat FRW metric can actually
be embedded in a 3+2 bulk manifold. This implies that the extension of the Campbell theorem to the General
Relativity case works only in its weaker form in this case, requiring as an extra assumption that the constraint
equations hold at least in a single 4D hypersurface.
PACS numbers: 04.50.-h, 11.25.Mj, 98.80.Jk
I. INTRODUCTION
Since the pioneering work of Kaluza-Klein, adding extra
dimensions to the standard (4D) spacetime has widely been
adopted as an strategy in the quest for unification. In mod-
ern particle physics, the resulting higher-dimensional ’bulk’
spacetime is considered to be the basic physics scenario, in
which gravity acts, although ordinary matter and fields are
supposed to be confined in 4-dimensional ’branes’ [1–3]. This
idea has also been implemented in Cosmology, after the pio-
neering work of Ponce de Leon [4] (see [5, 6] for a review).
Another example is provided by the well known superstring
theory result: the 10+1 M-theory encompasses the previously
known 9+1 theories, which can be interpreted as just different
projections of the same (unifying) theory [7].
The Kaluza-Klein work, however, unified not only forces
(gravity and electromagnetism), but also matter and geometry.
Matter fields in the standard 4D spacetime arise from metric
coefficients in a vacuum 5D bulk manifold. This spacetime-
matter (STM) unifying approach has shown to be fruitful
(see [8] for a review), and it is also being applied to Cosmol-
ogy [9–13]. In some of these papers different projections of
the same bulk metric are considered [9, 10], so that different
FRW metrics are obtained just by projecting onto different
branes.
In this paper, we will adopt a top-down approach: we will
consider a five-dimensional bulk manifold with three space
coordinates plus two time coordinates. We choose the 3+2
signature, instead of the 4+1 alternative, because the explicit
embedding formulae for any FRW metric into 5D Minkowski
space are already known [14]. Moreover, one can wonder why
only half of the solutions in the pioneering work of Ponce de
Leon [4] where embedded in a 3+2 bulk, whereas all the eight
solutions where embedded in the 4+1 alternative bulk. We
interpret this as a clear hint that the extension to the pseudo-
Riemannian case of the classical Campbell theorem [15, 16]
deserves a closer look in the 3+2 context, where the extra di-
mension is time-like.
The 3+2 approach implies dealing with two time coordi-
nates. This idea has yet been used in this context [17–19]
(see [20] for a review). The presence of two time coordinates
raised some causality concerns, after the Go¨del claims about
closed time-like curves and the possibility of time travel [21].
Although some authors extended these concerns to more gen-
eral spacetimes [22–24], it has been shown that the possibility
of closed timelike curves is not inherent to the two-times sce-
nario, being rather due to the point identification involved in
the compactification process [25]. Our approach is that mat-
ter fields appear only on the projected branes, where there is
just one time coordinate left. In this way will not require any
compactification mechanism, so we are on safe ground.
There is also a bonus for using two time coordinates: we get
a time plane instead of a time line. As we will see, this pro-
vides extra symmetries, arising from the group of conformal
transformations in the plane, that can be used for solving the
vacuum field equations in the bulk. Moreover, we get addi-
tional freedom in the choice of the time coordinate which will
be actually projected onto a given brane: it can be selected by
just drawing a suitable line in the time plane. This flexibility
has been crucial in order to obtain our results.
The paper is organized as follows: in section 2, we express
the cosmological problem in the language of the evolution for-
malism. This is the 4+1 extension of the well known 3+1 Gen-
eral Relativity formalism (see for instance [26]). We take ad-
vantage of the symmetry properties in the time plane in order
to reduce the full set of vacuum Einstein equations to only two
equations, for a generic form of the space-homogeneous met-
ric with two functions of the time coordinates. In section 3,
we focus on the spatially flat (k = 0) case, in which the above
mentioned symmetries can be fully exploited. Making use
of the remaining coordinate freedom, we obtain the general
solution, which consists (except for the trivial flat case) in a
single metric, which we will call ’M-metric’. Every embed-
ded (k = 0) FRW cosmological models can be obtained by
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2projecting this M-metric in a suitable four-dimensional brane.
This is the multiple projection feature already detected in [9]:
the novelty here is that a single ’mother’ metric can be taken
as the starting point. In section 4 we show how this multiple
projection capability can be specially fruitful in a bulk with
two time coordinates. Just drawing suitable lines in the time
plane allows one to design universe models with some spe-
cific properties. We will focus in regular models (with no big
bang), by providing many simple examples with diverse prop-
erties. The infinite past limit can be either a big bang singular-
ity (just as a limit, never reaching it) or a finite radius universe
(emergent models). All cases start with an inflationary phase,
followed by a deceleration phase. Some cases keep expanding
without bound, whereas others approach asymptotically some
stationary state. Finally, in section 5 we take a closer look to
the modern extensions of the Campbell theorem. We will pro-
vide explicit counter-examples to the common belief that any
4D metric can be embedded in a 5D manifold, with (4+1) or
(3+2) signature. Our results will show that the Campbell the-
orem does not ensure the embedding of every 4D metric into a
Ricci-flat 5D manifold when the extra dimension is time-like
(3+2 signature).
II. 5D COSMOLOGICAL FRAMEWORK: EVOLUTION
FORMALISM
We will consider here 5-dimensional (5D) vacuum metrics,
where the extra time coordinate is labeled by ψ. In our case,
where we assume space homogeneity and isotropy, this ’bulk’
metric would read
ds2 = −α2(ψ, t) dψ2−N2(ψ, t) dt2+R2(ψ, t) γij dxi dxj ,
(1)
where the three-dimensional metric γij is of constant curva-
ture, that is
(3)Rij = 2k γij k = 0,±1 . (2)
Let us look now at the time plane. We can take advantage
from the fact that any Riemannian 2D metric is conformally
flat in order to simplify the bulk metric form, namely
ds2 = −A2(ψ, t)( dψ2 + dt2 ) +R2(ψ, t) γij dxi dxj . (3)
In this way the symmetry in the (ψ, t) plane (time plane) is
manifest. On every constant ψ hypersurface we will of course
recover a FRW line element, namely
−A2(ψ, t) dt2 +R2(ψ, t) γij dxi dxj ≡ gab dxa dxb , (4)
where a, b = 1, 2, 3, 4.
We can now consider the 4+1 decomposition of the vacuum
Einstein equations for the bulk metric (3). It is usually cast as
a system of ten evolution equations (along the ψ lines) for the
extrinsic curvature Kab of the projected metric (4), namely
∂ψ gab ≡ −2AKab , (5)
plus five constraints (not involving ψ derivatives) of the basic
fields (γab,Kab). These numbers, however, are actually re-
duced by the spatial isotropy assumption. To begin with, the
extrinsic curvature can be explicitly computed:
Kab = − R
′
AR
(gab + ua ub) +
A′
A2
ua ub , (6)
where the primes stand for ψ derivatives and ua is the future-
pointing time unit vector (the FRW metric four-velocity)
ua =
1
A
δa(t) , (7)
which of course verifies
∇a ub = R˙
AR
(gab + uaub) , (8)
where the dots stand for t derivatives and ∇ is the covariant
derivative operator in the projected hypersurface. This means
that the symmetric tensor Kab has only two (instead of ten)
independent components, so that the evolution equations
∂ψ Ka
b = −∇a ∂ bA+A [ (4)Rab + trK Kab ] , (9)
contain just two independent conditions as well.
A similar reduction occurs in the vector constraint, namely
∇b [Kab − trK δab ] = 0 , (10)
has four components, but the space direction contribution van-
ishes identically due to the spatial isotropy. The only non-
trivial contribution can be written, allowing from (6), in a very
simple form:
AR˙′ = A′R˙+ A˙R′ , (11)
where the dots stand for time derivatives. The remaining
(scalar) constraint equation reads
Ka
bKb
a − (trK)2 = (4)R , (12)
where (4)R is the scalar curvature of the FRW metric, that is
(4)R = ρ− 3p = 6
R2
[ k +
1
A
∂t(
RR˙
A
) ] . (13)
At this point, we must note that the 5D Bianchi identities
ensure that the constraint equations (10, 12) are first integrals
of the evolution equations (9). In our case, as there are just
two independent evolution equations for two independent con-
straints, we can conclude that the set of two conditions (11,
12) amounts to the full set of vacuum field equations for the
bulk line element (3). In spite of that, the evolution equations
(9) can still be of some use. The space components contribu-
tion, for instance, can be expressed in a quite simple form
(R3)′′ + (R3)¨ = −6k A2R , (14)
which can give a clue in order to solve the basic system (11,
12).
3III. GENERAL SOLUTION FOR THE k = 0 CASE: THE
M-METRIC
Let us note that the form (3) does not exhaust coordinate
freedom, as any conformal transformation in the time plane
will preserve this form of the line element. Allowing for the
fact that the conformal group in the plane has infinite dimen-
sion, it follows that the metric coefficient A(ψ, t) is strongly
coordinate-dependent. To be more specific, we can consider
any analytic function λ(ψ, t) in the time plane in order to get
A2(ψ, t)( dψ2 + dt2 ) = A˜2(λ, φ)( dφ2 + dλ2 ) , (15)
where φ(ψ, t) is the harmonic conjugate of λ.
Allowing for (14), it follows that, in the spatially flat case
(k = 0), the function u ≡ R3 is harmonic. This means that
we can take u(ψ, t), and its harmonic conjugate v(ψ, t) as the
time plane coordinates, that is taking 1
t = u ψ = v . (16)
in the bulk metric (3). The vector constraint (11) implies then
A′ = 0 ⇒ Kab = 0 , (17)
so that the scalar constraint (12) reduces to
(4)R = ρ− 3p = 0 ⇒ AR = constant . (18)
Putting all these results together, we get (after a constant
factor rescaling) the following form of the bulk metric (3) in
the k = 0 case
ds2 = −u−2/3 (du2 + dv2) + u2/3 δij dxi dxj . (19)
Note that, in these (u, v) coordinates, all metric coefficients
are fully specified. This means that the general solution (19)
for the k = 0 case is actually a single vacuum metric, which
we will call ’M-metric’ in what follows. A single ’mother’
metric in the bulk for the full set of embedded spatially-
flat FRW metrics, which can be recovered by projecting this
M-metric onto different, infinitely-many, 4D hypersurfaces
(branes).
Let us note that the M-metric (19) has a time-like Killing
vector
ξ ≡ ∂v . (20)
This implies that the v-coordinate lines have an intrinsical
geometrical meaning, which can be extended then to the or-
thogonal u-coordinate lines. From the physical point of view,
u ≡ R3 is defined by the expansion factor, meaning that the
1 We are assuming here that u is not constant. If it is, then equations (11, 12)
are identically satisfied. A(ψ, t) is then an arbitrary function, but any brane
projection of the resulting bulk metric leads to some form of Minkowski
metric. We are implicitly excluding this trivial case in all our results.
u-lines have an intrinsic meanig, which extend then to the or-
thogonal v-lines. This intrinsic meaning, both from the geo-
metrical and the physical point of view, allows an straightfor-
ward comparison with other forms of the same metric. This
can be even simpler if we adopt a proper-time parametrization
for the u-lines. After some rescaling, we get
ds2 = −dτ2 − 1
τ
dv2 + τ δij dx
i dxj . (21)
This shows explicitly how the extra time dimension collapses
in the bulk as the FRW radius R =
√
τ increases during cos-
mic evolution.
The form (21) is precisely the second solution obtained
in the pioneering work of Ponce de Leon [4] (taking τ =
A + B t , v = Ψ), and it is also the first one (exchang-
ing the roles of t and Ψ). A straightforward calculation
shows that this is also isometric to the fourth one (taking
τ = ΨS(t), v = Ψ3/2 f(t) ) 2, as it should be because the
M-metric is the general (non-trivial) solution: the remaining
3+2 solution in this paper corresponds actually to the trivial
case that we have excluded from our analysis 1.
IV. TRIVIAL AND NON-TRIVIAL PROJECTIONS:
REGULAR AND EMERGENT UNIVERSES
Let us consider first the trivial projection onto the v =
constant surfaces. This is trivial also from the geometri-
cal point of view, as the extrinsic curvature Kab vanishes,
so that the constraint equations (10, 12) amount to require
(4)R = ρ − 3p = 0. The resulting 4D metric can be writ-
ten as
ds2 = −dτ2 + τ δij dxi dxj , (22)
which is the standard FRW pure radiation metric for the spa-
tially flat case.
Of course, we have other options for projecting onto 4D hy-
persurfaces. We could perform for instance a linear transfor-
mation in the (u, v) plane in the bulk M-metric (19) and then
project onto the resulting v′ = constant surface. A simple
calculation shows that the resulting metric would be equiva-
lent to (22). This amounts to say that choosing any straight
line in the (u, v) plane as the physical time coordinate (the
one surviving in the projected brane) leads to the spatially flat
FRW pure radiation metric.
Another option is to select instead a nontrivial hypersur-
face in order to get completely different FRW models: regular
(singularity-free) universes. In the M-metric, the singularity
at u = 0 is not just a point in a time-line, but rather a line in
the time plane. It is then quite easy to devise alternative time-
lines which do not cross the singular line. We can select for
2 One recovers in this way the generic case, where the integration constant
C is different from zero (we get C = 1 after a constant rescaling). The
C = 0 case, corresponding to the explicit solution given in the paper,
works just for the alternative 4+1 signature
4instance hyperbolic coordinates:
u = ψ et v = −ψ e−t , (23)
and project onto the hypersurfaces of the form ψ =
constant > 0. It is clear that the u = 0 singular line is
reached only asymptotically for t→ −∞ (see Fig. 1): the re-
sulting (projected) FRW metric is regular for all (finite) times.
0 v
u
FIG. 1: Timelines in the time plane of the bulk M-metric, each one
leading to different FRW projected metrics. The big-bang singular-
ity is here the u = 0 line. The straight line corresponds to the stan-
dard pure radiation model. The other two lines correspond to FRW
models without big bang, with an initial accelerating (inflationary)
phase and a final decelerating phase. In the hyperbola case (red line),
the deceleration is not apparent (see the text for the detailed calcula-
tion). In the hyperbolic tangent case (blue line), the inflexion point
corresponds to a pure radiation phase. A stationary state is reached
asymptoticaly in this case.
To be more specific, let us write down explicitly the result-
ing FRW model. After some constant rescaling we get:
ds2 = −e− 23 t cosh(2t) dt2 + e 23 t δij dxi dxj . (24)
The expansion (Hubble) factor is
H =
1
3
et/3
√
sech(2 t) , (25)
which is also finite for all times. For early times, we get an
accelerated (inflationary) expansion rate, that is
H ∝ R4 t 0 , (26)
whereas for late times we get a deceleration in the expansion
rate:
H ∝ 1/R2 t 0 . (27)
Another example follows from the coordinate transforma-
tion
u = ψ [ 1 + tanh(t) ] v = ψ t , (28)
which leads, after a constant rescaling, to the following ψ =
constant projection of the M-metric:
ds2 = − 1 + cosh(t)
−4
[ 1 + tanh(t) ]−2/3
dt2+[ 1+tanh(t) ]2/3 δij dx
i dxj .
(29)
The resulting time curve is of course a shifted hyperbolic
tangent in the time plane. We can see in Fig. 1 that there is
no crossing with the u = 0 singular line (this is again an infi-
nite past asymptote), and that there is an upper bound for the
expansion of the projected universe, which is asymptotically
approached at infinite future. Note also that, as seen in Fig. 1,
the physical time line is osculating to a straight line at the in-
flexion point (v = 0). As the field equations contain metric
derivatives just up to the second order, this matching in the
metric coefficients with a radiation metric ensures that there
is a radiation phase in the transition from the accelerating (in-
flationary) stage to the decelerating one.
In both cases, there is no beginning: the big bang singu-
larity is just in the limit t → −∞. Although the singularity
is not actually reached, the physical conditions near the sin-
gularity can be very close to those just after the big bang in
standard models. This past asymptotic state can be changed
by just modifying the time-line selection in the bulk. Instead
of (23, 28) we can rather choose, respectively
u = u0 + ψ e
t v = −ψ e−t , (30)
or
u = u0 + ψ [ 1 + tanh(t) ] v = ψ t , (31)
so that the curves in Fig. 1 will get displaced upwards by
the amount u0 > 0, safely away from the u = 0 singular-
ity. The corresponding FRW models will emerge then from a
finite radius universe. In this way, we are building different
k = 0 approximations to the ’Emergent Universe’ of Ellis and
Maartens [28, 29].
Of course, all these are just examples obtained by simple
coordinate transformations in the bulk, leading to different
brane projections. In the general case, we can define the pro-
jection by giving the time curve in explicit form, namely
τ = t , v = v(t,Ψ) (32)
so that the Ψ = constant projection will be given by
ds2 = −
(
1 +
v˙2
t
)
dt2 + t δij dx
i dxj , (33)
where
v˙ ≡ ∂t v(t,Ψ) . (34)
V. THE COMPLETENESS ISSUE: CLARIFYING THE
MEANING OF CAMPBELL THEOREM
Equation (33) gives the brane-projected FRW metrics in ex-
plicit form, depending only on the single function (34) which
allows to select a specific projection of the M-metric. The cor-
responding expansion (Hubble) factor can then be computed
explicitly:
H = [ 2 t
√
1 + v˙2/t ]−1 , (35)
5so that the energy density is
ρ = 3H2 = 3/4 (t2 + t v˙2)−1 , (36)
which can be inverted in order to get
v˙2 = (3/4 ρ−1 − t2)/t . (37)
It follows from (37) that there is no solution in the asymptotic
limit t  0 for the Einstein space case (ρ = Λ) nor for the
pure dust case (ρ ∝ t−3/2). Moreover, it follows from (35)
that the Hubble factor cannot diverge for t > 0, so we cannot
get ’big rip’ singularities (see ref. [30] for a recent review).
These results go against the common belief that the Camp-
bell theorem ensures the embedding of any four-dimensional
metric into a five-dimensional Ricci-flat manifold, where the
extra dimension can be either space-like or time-like. In order
to clarify the real meaning of the theorem, let us point out the
following:
• The original theorem of Campbell [15] dealt just with
Riemannian manifolds. Our counter-examples are rel-
evant only for the modern extensions to the pseudo-
Riemannian case (see ref. [16] for a review).
• The signature of the resulting 5D manifold is left un-
specified, so that the 4D Ricci scalar in (12) appears
always multiplied with a  = ±1 sign. This adds some
ambiguity to the proof, as it is not clear whether the
embedding works for both signs.
The key point in the proof is that the constraint equations
(10, 12), where the 4D metric is considered as an input and
the extrinsic curvature as the unknown, are under-determined.
The claim is then that one should always be able to find a
solution. But the under-determination in a given equation does
not guarantee that there is a solution at all. In order to illustrate
this, let us consider for instance a slight modification of (12),
namely
Ka
bKb
a =  (4)R (38)
which is also under-determined, but which has solution only
for one of the two choices of  (depending on the curvature
sign), but not for the other.
Our results actually show that in the 3+2 case, where the
extra dimension is time-like, the Campbell theorem holds only
in its weak form: any 4D metric can be embedded in a 5D
Ricci-flat manifold provided that the constraint equations hold
at least in a single 4D hypersurface.
VI. CONCLUSIONS AND OUTLOOK
We have found the general solution for the embedding of
(spatially flat) FRW metrics in a five-dimensional (bulk) man-
ifold with 3+2 signature. Apart from the trivial case, the solu-
tion is unique: the M-metric (19). A single ’mother’ metric in
the bulk for all the embedded FRW metrics.
Having a time plane in the bulk happens to be a powerful
tool for devising the evolution properties of the resulting pro-
jected spacetimes: one only has to select a suitable time curve,
which will be kept as the physical time coordinate in the brane.
We have obtained by this method some FRW regular solu-
tions, evolving from the infinite past (no Big Bang), that could
be useful to deal with the Cosmological Horizon problem.
These are regular FRW models in standard General Relativity:
there is no need to recur to alternative theories in order to get
these appealing cosmological models. Previous well-known
cosmological solutions without big bang where obtained at
the price of reducing the space symmetry group [31, 32]. This
is not our case: we keep the full space symmetry group; in this
sense, our models pertain to the same class of the well-known
’Emergent Universe’ inflationary models [28, 29].
We have fully solved here only the spatially flat case (cur-
vature index k = 0). But note that in the general case we
have reduced the full set of embedding conditions to just two
equations (11, 12) for the two functions R(ψ, t) and A(ψ, t).
Moreover, the (infinite-dimensional) conformal group in the
time plane can still be used in order to modify the expression
for A(ψ, t). Our conjecture is that the solution for each of
the two other cases (k = ±1) is also unique, that is, that the
M-metric has just one counterpart for each value of the cur-
vature index. We will keep working in order to confirm this
conjecture.
One can wonder why we have not found a flat bulk metric
as an alternative starting point to the M-metric. After all, FRW
metrics are known to be of embedding class one, meaning that
they can actually be embedded in a flat (not just Ricci-flat) 5D
manifold. Note however that in all the explicit FRW embed-
dings given in the classical review of Rosen [14] the flat 5D
manifold has four space coordinates plus only one time coor-
dinate (4+1). Our results actually show that the lack of flat
metric embeddings in the 3+2 case is not just because they are
hard to find, but rather because they simply do not exist (ex-
cepting the trivial Minkowski case). This is in keeping with
more recent results [27].
Having the general solution in explicit form is crucial
for solving the completeness problem: whether or not all
spatially-flat FRW metrics can actually be embedded in a 3+2
bulk manifold. We have provided explicit counter-examples
showing that the answer is negative. The extension of the
Campbell theorem to the General Relativity case must then
be considered with caution. In our case, where the extra di-
mension is time-like, the theorem works only in its weaker
form, with the strong assumption that the constraint equations
hold at least in a single 4D hypersurface.
This last result, of course, could in principle be confronted
with future findings, both from the mathematical and from the
physical point of view. From the mathematical point of view,
any successful embedding of either the Einstein space or a
pure dust spacetime (with k = 0) in a 3+2 bulk would dis-
miss our counter-examples. From the physical point of view,
the time-like character of the extra coordinate implies that the
asymptotic future limit of the universe cannot be explained by
a mixture of dust and a cosmological constant in a spatially
flat geometry. It follows that either the Universe is not spa-
6tially flat (k 6= 0), or that the present-epoch universe (the one
suggested by our current observations) must be just a transient
phase. This stresses the importance of finding the general so-
lution of the embedding problem for all values of k.
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